We examine the steady-state spherically symmetric accretion of relativistic fluids, with a polytropic equation of state, onto a higher dimensional Schwarzschild black hole. The mass accretion rate, critical radius, and flow parameters are determined and compared with results obtained in standard four dimensions. The accretion rate,Ṁ , is an explicit function of the black hole mass, M , as well as the gas boundary conditions and the dimensionality, D, of the spacetime. We also find the asymptotic compression ratios and temperature profiles below the accretion radius and at the event horizon. This analysis is a generalization of Michel's solution to higher dimensions and of the Newtonian expressions of Giddings and Mangano which considers the accretion of TeV black holes.
I. INTRODUCTION
Accretion of matter onto black holes is an extensively studied topic and the most likely scenario to explain the high energy output from active galactic nuclei and quasars. The seminal paper by Bondi [1] is devoted to formulating the theory of stationary, spherically symmetric and transonic accretion of adiabatic fluids onto astrophysical objects. Indeed Bondi [1] solved the problem of a polytropic gas accreting onto a central object under the influence of gravity, which generalizes the earlier results of Bondi and Hoyle [2] and Hoyle and Lyttleton [3] who investigated pressure-free gas being dragged onto a massive central object. There has been some confusion in distinguishing these cases in the literature but the latter case is usually referred to as Lyttleton-Hoyle accretion whilst the former is termed Bondi accretion [4] . The key distinction between the two cases is that the gas and the accretor are in the same inertial rest-frame in Bondi accretion whilst in Lyttleton-Hoyle accretion the gas has a finite velocity at infinity [4] . Both of these cases are formulated in the context of Newtonian gravity. There exists a large body of literature devoted to theoretical and observational studies of accretion processes. Detailed treatments can be found in any of the standard texts [5] , [6] , or [7] .
In the framework of general relativity, the steadystate spherically symmetric flow of a test gas onto a Schwarzschild black hole was investigated by Michel [8] . Following Michel's relativistic generalization of Bondi's treatment, Begelman [9] discussed some aspects of the critical points of the accretion problem. Spherical accretion and winds in general relativity have also been considered using equations of state other than the polytropic * Electronic address: johnan@ukzn.ac.za † Electronic address: sghosh2@jmi.ac.in ‡ Electronic address: maharaj@ukzn.ac.za one. Other comprehensive treatments include the calculation of the luminosity and frequency spectrum [10] , the influence of an interstellar magnetic field on the accretion of ionized gases [11] , and accreting processes onto a rotating black hole [12] . Various radiative processes have been incorporated by Blumenthal and Mathews [13] , and Brinkmann [14] . Recently Malec [15] provided the solution for general relativistic spherical accretion with and without back-reaction and showed that relativistic effects enhance mass accretion when back-reaction is neglected. Accretion onto a charged black hole was considered in [8] and more fully investigated in [16] . Spherical winds and shock transitions were studied in [13] . Detailed studies of spherically symmetric accretion of different types of fluids onto black holes were further undertaken in a number of works. String theory is widely believed to be the most promising candidate for a unified description of everything; it predicts the existence of higher dimensions for its consistency. It is important to note that gravity in higher dimensions is very different from its four dimensional counterpart. For example, black holes with a fixed mass may have arbitrarily large angular momentum [17] . There is a growing realization that the physics of higher dimensional black holes can be markedly different, and much richer than in four dimensions [18, 19] . The higher dimensional theories are applied in various unsolved problems in astrophysics and cosmology to gain new insights into them. On the other hand, the accretion process is a powerful way of understanding the physical nature of the central celestial condensed objects; the analysis of signatures of the accretion disk could provide another possible way to detect the influence of higher dimensions.
An interesting study of accretion in higher dimensions was initiated by Giddings and Mangano, [20] , who studied higher dimensional accretion onto TeV black holes in the Newtonian limit. They argued that since the Bondi radius is typically much larger than the event horizon radius one can safely describe the gravitational field of the accreting black hole by a Newtonian potential. In this pa-per we look at steady, spherical accretion of a polytropic gas onto a point mass in D-dimensional general relativity. The event horizon radius is of the order GM /c 2 whilst the Bondi radius scales like GM /a 2 where a is the fluid sound speed. If the sound speed approaches the speed of light i.e. a ∼ c then the Bondi radius approaches the event horizon and one can no longer disregard the effects of spacetime curvature. Such a situation could arise if, for example, the accreting fluid obeyed a stiff equation of state. Higher dimensional black holes arise in extensions to the standard model of particle physics like M -theory. We consider D-dimensional general relativity rather than D-dimensional Newtonian gravity as a low energy limit of semi-classical physics.
The accretion of phantom matter onto 5-dimensional charged black holes was investigated by Sharif and Abbas [21] . As was the case in phantom accretion onto 4-dimensional Schwarzschild [22] and Reissner-Nordstrom black holes [23] , the black hole mass decreases. The accretion of phantom energy onto Einstein-Maxwell-GaussBonnet black holes was studied in [24] . They showed that the evolution of the black hole mass was independent of its mass and depends only on the energy density and pressure of the phantom energy. This result is similar to that arising in the accretion of phantom matter onto a 2+1 dimensional Banados-Teitelboim-Zanelli (BTZ) black hole [25] . Jamil and Hussain [24] conjecture that the rate of change of mass of a black hole due to phantom energy accretion depends on the mass of a black hole in 4 dimensions only.
We believe that this mass independence is not a generic feature of higher dimensional accretion and arises because of the pathological nature of phantom matter which violates the dominant energy condition. We consequently focus our attention on more conventional fluids. In this paper we formulate and solve the problem of a polytropic gas accreting onto a Schwarzschild black hole in arbitrary dimensions. The gravitational model used is D-dimensional general relativity. We determine analytically the critical radius, critical fluid velocity and sound speed, and subsequently the mass accretion rate. We then obtain expressions for the asymptopic behaviour of the fluid density and temperature near the event horizon.
We use the following values for physical constants and the accreting system's parameters: c = 3.00 × 10 10 cm.s
II. BASIC EQUATIONS
In this model, we assume a higher dimensional spherically symmetric metric, and steady state flow onto a nonrotating black hole of mass M at rest in the interstellar medium. A black hole surrounded by the stellar plasma is expected to capture matter within a certain distance, which may result in a flow of plasma towards the black hole. It may be recalled that the non-relativistic model was discussed by Bondi [1] and the standard 4-dimensional general relativistic version was developed by Michel [8] . The known analytic relativistic accretion solution onto the Schwarzschild black hole by Michel [8] is extended to arbitary dimensions. To do this, we assume that the black hole is represented by the D-dimensional generalization of Schwarzschild black hole described by the line element [26] 
where D is the spacetime dimension and µ is related to the mass of the black hole via µ =
, and dΩ 2 D−2 is the line element on the sphere, viz.
We use comoving coordinates (
and units where c = G = 1. At particular points we reintroduce c and G to ease comparison with Shapiro and Teukolsky [6] .
The above metric (1) provides a vacuum solution in the D-dimensional Einstein theory, describing static, asymptotically flat higher dimensional black holes. As seen easily, the black hole horizon exists at r = r H ≡ µ Next, we probe how the extra dimensions affect the Bondi accretion rate, the asymptotic compression ratio, and the temperature profiles. We consider the steadystate radial inflow of gas onto a central mass M . The gas is approximated as a perfect fluid described by the energy momentum tensor
where ρ and p are the fluid proper energy density and pressure respectively, and
is the fluid D-velocity, which obeys the normalization condition u α u α = −1. We also define the proper baryon number density n, and the baryon number flux J α = nu α . All these quantities are measured in the local inertial rest frame of the fluid. The spacetime curvature is dominated by the compact object and we ignore the self-gravity of the fluid. If no particles are created or destroyed then particle number is conserved and
where ∇ α denotes the covariant derivative with respect to the coordinate x α . Conservation of energy and momentum is governed by
We define the radial component of the D-velocity, v(r) = u 1 = dr/ds. Since u α u α = −1 and the velocity components vanish for α > 1 we have
Equation (4) for, our D-dimensional Schwarzschild case, can be written as
Our assumption of spherical symmetry and steady-state flow makes (5) comparatively easier to tackle. The β = 0 component of (5) is
The β = 1 component can be simplified to v dv dr = − dp dr
These expressions generalise, to arbitrary dimensions D, those obtained by Michel [8] for spherical accretion onto a Schwarzschild black hole and we recover them in the 4-dimensional limit:
v dv dr = − dp dr
III. ANALYSIS
In the spirit of the original calculation of Bondi [1] we obtain the mass accretion rate from a qualitative analysis of (7) and (9) . For an adiabatic fluid there is no entropy production and the conservation of mass-energy is governed by which implies the relation
As in the 4-dimensional case, we define the adiabatic sound speed a [6] , via a 2 ≡ dp dρ = dp dn n ρ + p .
where we have used equation (14) . The continuity and momentum equations, for the D-dimensional Schwarzschild case, may be written as where a prime ( ) denotes a derivative with respect to r, and we obtain this system
where
At large r we demand the flow be subsonic i.e. v < a and since the sound speed is always subluminal i.e. a < 1, we have v 2
The denominator (21) is thus
and so N > 0 as r → ∞. At the event horizon r H = µ
Under the causality constraint a 2 < 1, we have N < 0, therefore we must have N = 0 for some critical point r s where r H < r s < ∞. Interestingly, the expression for N is exactly the same in 4-dimensions [6] . The flow must pass through a critical point outside the event horizon. In order to avoid discontinuities in the flow, we must have N = N 1 = N 2 = 0 at r = r s , i.e.
where v s ≡ v(r s ), a s ≡ a(r s ), etc. At the critical point that satisfies equation (24) we have
Again in the 4-dimensional limit, we have v 2 s = M/r 2 exactly as in Shapiro and Teukolsky [6] . We determine the accretion rate,Ṁ , by analyzing the continuity equation at the critical radius, r s . Following Michel [8] , we write the continuity equation explicitly in the form of a conservation equation. Integrating equation (7) over a (D − 1)-dimensional volume and multiplying by m, the mass of each gas particle, we obtain
whereṀ is an integration constant, independent of r, having dimensions of mass per unit time.Ṁ is the higher dimensional generalization of Bondi's mass accretion rate. Note that (29) reduces to the standard Schwarzschild case when D = 4, viz.Ṁ = 4πr 2 mnv. Equations (7) and (8) can be combined to yield
which is the D-dimensional generalization of the relativistic Bernoulli equation. Eqs. (29) and (30) are fundamental conservation equations for the flow of matter onto a D-dimensional Schwarzschild black hole where we have ignored the back-reaction of matter. In the 4-dimensional limit these expressions reduce to those obtained by Michel [8] .
A. The polytropic solution
In order to calculate explicitlyṀ , following Bondi [1] and Michel [8] , we introduce the polytrope equation of state
where K is constant and the adiabatic index satisfies 1 < γ < 5 3 . On inserting (31) into energy equation (13) and integrating, we obtain
where m is an integration constant and mn is the restenergy density. Using (15) we rewrite the Bernoulli equation (30) as
At the critical radius r s , this must satisfy
where we have used the critical velocity (27) and sound speed (28). For large, but finite r, i.e. r ≥ r s the baryons should still be non-relativistic, i.e. T mc 2 /k = 10 13 K for neutral hydrogen. In this regime we expect a ≤ a s 1. Expanding (34) to leading order in a s and a ∞ we obtain
We thus obtain the critical radius r s in terms of the black hole mass M and the boundary condition a ∞ :
Re-introducing the normalised constants this reads,
For D = 4 we recover the familiar Bondi radius for the Schwarzschild solution, viz.
From (15), (31) and (32) we have
For a 2 /(γ − 1) 1 we have n ∼ a 2/(γ−1) and
We are now in a position to evaluate the accretion rate, M . SinceṀ is independent of r, equation (29) must also hold for r = r s . We use the critical point to determine the D-dimensional Bondi accretion rate,
where we have defined the dimensionless accretion eigenvalue
.
We rewrite the D-dimensional accretion rate explicitly in terms of G, the gravitational constant,
Note that the accretion rate scales asṀ
. This extends the familiar result of Bondi [1] whereṀ ∼ M 2 and suggests potentially observable hints of the presence of higher dimensions. The 4-dimensional limit of Eq. (42), which readṡ
is exactly the same expression quoted in Shapiro and Teukolsky [6] when 1 < γ < 5/3. For transonic flow the relativistic accretion rate agrees with its Newtonian counterpart to leading order. The behavior of the critical radius r s , the acccretion parameter λ, and accretion rateṀ , as a function of the dimension D, is depicted in Tables I-III for fiducial values of the adiabatic index γ. It turns out that the spacetime dimension plays an important role in the accretion process; interestingly it slows down the accretion rate (see also Figs. I-II). This may be a useful feature to incorporate in astrophysical applications.
IV. ASYMPTOTIC BEHAVIOUR
The results obtained in the previous sections are valid at large distances from the black hole near the critical radius r s r H . It turns out that the general relativistic accretion rate [8] , to lowest order, is equivalent to the Newtonian transonic flow obtained by Bondi [1] . We have proved the results of Michel [8] carry over to higher dimensions. Next, we estimate the flow characteristics for r H < r r s and at the event horizon r = r H .
A. Sub-Bondi radius
The gas is supersonic at distances below the Bondi radius so v > a when r H < r r s . From (33) we obtain an upper bound on the radial dependence of the gas velocity viz. We now estimate the gas compression on these scales using (29), (42) and (44):
Assuming a Maxwell-Boltzmann gas, p = nk B T , we find the adiabatic temperature profile using (31) and (45):
For D = 4 this reduces to
where Shapiro and Teukolsky's accretion eigenvalue λ s is related to our parameter via λ s = 4λ | D=4 .
B. Event horizon
At the event horizon r = r H = µ (42) and (44) we obtain the gas compression at the event horizon:
where we have re-introduced the speed of light c. Again assuming a Maxwell-Boltzmann gas, p = nk B T , we find the adiabatic temperature profile at the event horizon using (31) and (48):
Again in the limit D = 4, Equation (49) takes the form
after reinserting the speed of light (c) in the above expressions.
V. CONCLUSIONS
In recent years, black hole solutions in more than four spacetime dimensions have been the subject of intensive research, motivated by ideas in brane-world cosmology, string theory and gauge/gravity duality. Several interesting and surprising results have been found [18] . In dimensions higher than four, the uniqueness theorems do not hold due to the fact that there are more degrees of freedom. The discovery of black-ring solutions in five dimensions shows that non-trivial topologies are allowed in higher dimensions [19] . To determine the fate of black holes in higher dimensional scenarios we considered spherically symmetric, steady state, adiabatic accretion onto a higher dimensional Schwarzschild black hole.
We determined the general analytic expressions for the critical radius and mass accretion rate, for polytropic matter accreting onto a D-dimensional Schwarzschild black hole. We also found explict expressions for the gas compression and temperature profile both below the critical radius and at the event horizon. The accretion rateṀ is clearly dependent on the mass and dimensionality of the black hole. This is to be contrasted with the result of Bondi [1] which showed thatṀ ∼ M 2 . Our result also generalises the study of Giddings and Mangano [20] which obtained the mass-dependent accretion rate of matter accreting via the Newtonian gravity potential of a D-dimensional TeV black hole.
We have not considered compactification of higher dimensions and leave this as a future project. Upper bounds for higher dimensions have been established in the literature and their effects on black hole accretion, as well as other physical processes, will be restricted to the compactification scale. Beyond this length scale we expect conventional 4-dimensional physics to dominate.
A number of extensions to our study of higher dimensional accretion are possible. One can attempt to work out the effect of extra dimensions on the luminosity, frequency spectrum and energy conversion efficiency of the the accretion flow. More exotic matter, like scalar fields, could be investigated. Unlike general relativity, Lovelock gravity and its special case, Einstein-Gauss-Bonnet gravity, have been demonstrated to be low energy limits of particular string theories. It may be feasible to study the effects of accretion on to higher dimensional black holes described by those gravity theories.
